We treat a modified Atwood's machine in which equal masses do not balance because of being in an accelerated frame of reference. Analysis of the problem illuminates the meaning of inertial forces, d'Alembert's principle, the use of free-body diagrams and the selection of appropriate systems for the diagrams. In spite of the range of these applications the analysis does not require calculus, so the ideas are accessible even to first-year students.
Introduction
It is difficult to find problems that really teach. All too often the end-of-chapter exercises provide drill but not understanding. The student looks for a formula that seems to fit. The level of difficulty depends, more often than not, on mathematical manipulation. When the problem is solved, it is questionable whether or not the student has learned any physics. It was therefore a pleasant surprise to find a problem that does indeed examine several fundamental concepts in dynamics. Though it does not require calculus, it is quite sophisticated. Moreover it forces the student to re-examine his or her assumptions, for it seems to present an impossible situation--two equal masses that do not balance each other so that the centre of mass of the system accelerates.
The problem appears in an old textbook by Furry, Purcell and Street [1] . The question is to determine the accelerations of the three masses in the modified Atwood machine shown in figure 1 . The problem is stated as follows. A cord over a pulley has a mass m 5 of 5 kg attached to one end and a second pulley attached to the other. A cord over the second pulley is fastened to a mass m 2 of 2 kg at one end and to a mass m 3 of 3 kg at the other. The first pulley is fixed to the ceiling so that it is free to rotate but not translate. The second pulley is free both to rotate and to translate vertically. Calculate the accelerations of each mass when the system constraints are removed. Treat the cords and pulleys as massless and frictionless.
Before attempting to analyse the problem, let us observe what happens when the constraints are removed. The 2 kg mass accelerates upward, the 3 and 5 kg masses accelerate downward, and the lower pulley bearing the 2 and 3 kg masses 0031-9120/04/030289+05$30.00 © 2004 IOP Publishing Ltd accelerates upward. This set of accelerations presents a conceptual dilemma to the brighter students. Each end of the cord on the upper pulley is attached to an equal mass. Yet the two masses accelerate in opposite directions, clearly indicating an imbalance. How does one explain this? Certainly everything that the student has learned to this point would indicate that equilibrium should obtain. The behaviour of the system is counterintuitive.
Analysis
Let us first list the quantities with which we shall calculate. We have the three masses--m 2 , m 3 and m 5 . The tension in the lower cord is T 1 and that in the upper cord is T 2 . The force of the ceiling bracket on the upper pulley is P . The magnitudes of the accelerations of the three masses in the inertial laboratory frame are +a 2 , −a 3 and −a 5 respectively. (We take upward accelerations as positive and downward accelerations as negative.) The upward acceleration of the lower pulley is +a 5 . We shall use the symbol g for the acceleration due to gravity.
There is a second frame of reference that we must also consider. This is the accelerated, noninertial frame in which the lower pulley is at rest. An observer at rest in this frame would conclude that m 2 accelerates upward with an acceleration a and that m 3 accelerates downward with an equal and opposite acceleration −a. The magnitudes of these accelerations must be equal in the pulley rest frame; otherwise the cord would snap. The acceleration +a 2 of m 2 in the inertial frame equals the vector sum of its acceleration in the pulley frame and the acceleration +a 5 of the pulley in the inertial frame:
and similarly for +a 3 ,
Now consider the appropriate free-body diagrams for m 2 , m 3 , m 5 and the lower pulley (figures 2-5). From these diagrams we can construct the net force acting on each body and equate it with the product of the mass with the acceleration. For m 2 For m 3
Even though the lower pulley is massless, it still obeys Newton's second law. Since its mass is zero, the net force acting on it is also zero.
This establishes that
Equations (3), (4), (5) and (7) contain four unknowns: −a, a 5 , T 1 and T 2 . These are readily 
From equations (1) and (2) we find the accelerations a 2 and a 3 in the inertial laboratory frame as a 2 = 2.20 m s −2 and a 3 = −1.80 m s −2 . At this point we have solved the problem as set. However, the problem has considerably more pedagogic value than just the above solution. The further topics we shall treat include inertial forces, d'Alembert's principle, the breakdown of Newton's laws in non-inertial frames, centre of mass motion and the answer to the question of imbalance between equal masses.
Inertial forces, d'Alembert's principle and accelerated frames
Rearranging equations (3) and (4) we obtain
and
Although these equations look as though they express Newton's second law, they do not. The left side of each contains two real forces and a 'fictitious' force. These two fictitious forces, −m 2 a 5 and −m 3 a 5 , are essentially reversed effective forces that enable us to describe the motion of the 2 and 3 kg masses in the frame in which the pulley is at rest. We interpret these as inertial forces, forces that arise when we deal with accelerated frames. This artifice, first introduced by d'Alembert in the eighteenth century, is the origin of the centrifugal force. In uniform circular motion we write
If, following d'Alembert, we write
we reduce the problem to one of equilibrium by introducing the fictitious inertial force, +mv 2 /r, known as the centrifugal force.
To see the effect of inertial forces let us return to equations (3) and (4). These apply to figures 2 and 3. The net force is the vector sum of the tension and the weight in each case. It equals the mass times the acceleration in the laboratory frame. However, the acceleration in the laboratory frame may also be written as the vector sum of the acceleration in the non-inertial pulley frame (a for m 2 and −a for m 3 ) plus the acceleration a 5 of the pulley itself. This is how we arrive at equations (8) and (9). In words we can state equation (8) as follows. The net force on m 2 (i.e. T 1 − m 2 g) plus the inertial force (−m 2 a 5 ) equals the mass times the acceleration in the non-inertial frame. It is only in the inertial frame of the laboratory that the net force equals the mass m 2 times its acceleration in the laboratory frame a 2 (a 2 = a + a 5 ). In other words, Newton's second law does not hold when applied to non-inertial frames. To describe motion in non-inertial frames we must introduce inertial forces.
It is unfortunate that d'Alembert's principle seems to have fallen into neglect in recent years. It is an extremely useful idea in classical mechanics that illuminates the meaning of inertial and noninertial frames. Though we shan't discuss it here, it is also important in the development of the concept of virtual work. For a fuller exposition of the principle see Goldstein [2] and Sommerfeld [3] .
Centre of mass motion
Knowing the accelerations a 2 , a 3 and a 5 , we can now calculate the motion of the centre of mass of the system. In one second the change of position of each mass is Let us now look at the net forces acting on the entire system of pulleys and masses. Figure 6 shows the forces acting on the upper pulley, which rotates but does not translate. Therefore its acceleration is zero. We can write
which gives Figure 7 shows the forces acting on the entire system. There is an upward force P of 96 N and a total downward gravitational force of (10 kg)g or 98 N. This yields a net downward force of −2 N, meaning that the system is not in equilibrium. Its acceleration is −2 N/10 kg or −0.2 m s −2 . Using equation (12) gives a change in the centre of mass position after one second of −0.1 m, which agrees with the result of our above calculation. 
Summary
In summary the problem has embraced a wide range of kinematic and dynamic concepts. Our calculations are self-consistent. We have been able to illustrate Newton's second law and show how it breaks down in accelerated frames. This leads to the use of inertial forces in such frames and an introduction to d'Alembert's principle. It also emphasizes the use of free-body diagrams and the selection of appropriate systems for the diagrams. Finally, in spite of its sophistication, one need not resort to calculus to analyse the problem, thereby making it useful even in introductory courses.
